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Abstract - Nonlinear distributed modeling is applied to generate
conditions for the emergence of intentional behaviors afforded
by the environment. The models are based on a nondeterminis-
tic dynamical approach to self-organized formation of categories
using chaotic principles. Continuous and discrete models of the
spatio-temporal dynamics are shown to exhibit phase transitions
manifested in the form of intermittent spatio-temporal struc-
tures, which are studied in simulated environments.

I. INTRODUCTION

Intelligentbehavior is characterizedby flexible andcreative
pursuitof endogenouslydefinedgoalsby theorganism.It has
emergedin humansthroughthe stagesof evolution that are
manifestedin brainsandbehaviors of otheranimals. Inten-
tionality is a key conceptby which to link braindynamicsto
goal-orientedbehavior. Thebasicform of intentionalbehav-
ior is anactof observationthroughspaceandtime,by which
informationis soughtfor futureaction(Freeman,2000). Se-
quencesof such acts consitutethe key desiredpropertyof
free-roving, semi-autonomousvehiclescapableof exploring
remoteenvironmentsthatareinhospitableto humans.Inten-
tionality consistsof theneurodynamics,bt which imagesare
createdfor futurestatesandgoals,of commandsequencesby
which to act to pursuitof goals,of predictedchangesin sen-
sory input resultingfrom intendedactionsby which to eval-
uateperformance,andmodificationof thedeviceby itself for
learningfrom theresultsof actions.

These principles are well-know among pshychologists,
cognitive scientists, and philisohpers. The new aspect
of our approachis the development of a novel tool of
mesoscopic/intermediate-rangebraindynamicsusingnonde-
terministicchaostheoryto understandandsimulatethe con-
structionof meaningfulpatternsof neuralactivity of sensory
perception(FreemanandKozma,2000). We build on neuro-
logically inspired,bottom-upapproachesof embodiedcate-
gory formation(ThelenandSmith,1994;Kelso,1995;Clark,
1997;Almassy, Edelman,andSporns,1998;Freeman,1999;
and others). We show that mathematicaltheory of random
graphsand percolationprocesses(Bollobas,1985) can pro-

vide a very powerful support to understandand interprete
spatio-temporalaspectsof neurodynamics.Phasetransitions
in randomcellularautomatamodelsaredescribedin thesec-
ond part of the paperasan exampleof the nondeterministic
spatio-temporaldynamics.

II. BACKGROUND ON NEURO-PERCOLATIONS

Whatdistinguishesbrainchaosfrom otherkinds is thefil-
amentoustexture of neural tissuecalled neuropil, which is
unlike any othersubstancein the known universe(Freeman
1995,Freeman,1999). Neuralpopulationsstemontogenet-
ically in embryosfrom aggregatesof neuronsthat grow ax-
onsanddendritesandform synapticconnectionsof steadily
increasingdensity. At somethresholdthedensityallowsneu-
ronsto transmitmorepulsesthanthey receive,sothatanag-
gregateundergoesastatetransitionfrom azeropointattractor
to a non-zeropoint attractor, therebybecominga population.
Suchapropertyhasbeendescribedmathematicallyin random
graphs,wherethe connectivity densityis an orderparameter
that caninstantiatestatetransitions(ErdosandRenyi, 1960,
Bollobas,1985). In this context, statetransitionsin neuronal
populationswill be interpretedasa percolationphenomenon
progressingin theneuropilmedium.

The dendriticcurrentsof singleneuronsthat governpulse
frequenciessum their potentialfields in passingacrossthe
extracellularresistance,giving riseto extraneuronalpotential
differencesmanifestedin the EEG, which correspondto the
local meanfieldsof pulsedensitiesin neighborhoodsof neu-
ronscontributingto thelocalfieldpotentials.In earlystagesof
developmentthesefieldsappearasdirectcurrent”d.c.” fields
with erraticfluctuationsin theso-called”delta” range,below
1 Hz. Theneuronsareexcitatory, andtheir mutualexcitation
providesthesustainedaperiodicactivity thatneuronsrequire
to stayaliveandgrow. Unliketransistors,neuronshaveashort
shelf life if they areisolatedandleft inactive. Theactivity of
anexcitatorypopulationis self-stabilizedby a non-zeropoint
attractor(Freeman1975),giving riseto afield of nearlywhite
noise,up to a frequency limit determinedby the durationof
theactionpotentials.At somelaterstage,typically in humans
after birth, cortical inhibitory neuronsdevelop or transform
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from excitatoryneurons,which contributenegative feedback,
leadingto the appearanceof oscillationsin thegammaspec-
trum of theEEG.Themutualexcitationpersists,and,in fact,
is essentialfor themaintenanceof thenear-linearrangeof cor-
tical oscillationsthroughadepolarizingbias(Freeman,1999).

This self-sustaining,randomized,steadystatebackground
activity is the sourcefrom which orderedstatesof macro-
scopicneuralactivity emerge,like thepatternsof wavesat the
surfacesof deepbodiesof water. Neuraltissues,however, are
notpassivemedia,throughwhicheffectspropagatelikewaves
in water(FreemanandKozma2000). Thebrainmediumhas
an intimaterelationshipwith the dynamicsthrougha gener-
ally weak,subthresholdinteractionof neurons.Thesynaptic
interactionsof neuronsprovide weakconstraintson the par-
ticipants,andtheresultingcovarianceappearsin the form of
spatiotemporalpattern.In theframework of this researchwe
usemathematicaltools of percolationtheory to explore the
informationprocessingmechanismsin brainsastherandom-
izedactivity of myriadsof neuronsthatprovidesthebasisfor
self-organizationandhigherbrainfunctions.

Informationprocessingin theproposedchaoticdynamical
memoriesis closely relatedto percolationphenomena(Bol-
lobasand Stacey, 1997; Kauffman, 1990). For aboutforty
yearsnow, percolationtheoryhasbeenan active areaof re-
searchat the interfaceof probability theory, combinatorics
andphysics(Grimmett1999). Interestin variousaspectsof
standardpercolationremainshigh,includingestimatesof crit-
ical probabilities(Balister, Bollobasand Stacey 1993; Bal-
ister, Bollobasand Stacey, 2000). In the last decadeand a
half, moreandmorevariantsof thestandardpercolationmod-
els have beenstudied. In particular, there has beenmuch
work on the family of processesknow as bootstrapperco-
lation (Aizemanand Lebowitz, 1988; Duarte,1989; Adler,
1991; Schonman,1992; Cerf and Cirillo, 1999, and many
other papers). Computerexperimentsperformedby physi-
cistshavesuggestedinterestingnon-trivial large-scalebehav-
ior, and many deepmathematicalresultshave beenproved
abouta numberof models.

Percolationtheorydealswith largescalepropertiesof cer-
tain typesof randomgraphs,oftenbuilt from latticessuchas���

. In thearchetypalpercolationproblemthevertices(sites)
arethepointsof a latticesuchas

� �
with edgesor bondsjoin-

ing neighboringsites.In sitepercolation,sitesareopeninde-
pendentlywith probabilityp andonewishesto answerques-
tions aboutthe sizeof the connectedcomponentsformedby
theseopensites. In particular, do infinite connectedclusters
of opensitesexist?Similarquestionscanalsobeaskedabout
bondpercolation,wherethebondsarechosento beopenwith
a certainprobability. Therearemany variantsof theseprob-
lems. For example,in orientedpercolationoneasksfor in-
finite pathsof connectedopensitesthat travel at eachstep
only in certaindirections.Many percolationproblemsexhibit

phasetransitions,wherefor p lessthansomecritical proba-
bility pcrit only finite clustersexist, and for �������
	���
 infi-
nite clustersalmostsurelyexist. Randomcellular automata
generalizedeterministiccellular automatasuchasConway’s
gameof life. Giventhecomplexity of deterministicautomata
it shouldnotcomeasasurprisethatrandomautomatadisplay
extremelycomplex behavior thatwill beprovedto becrucial
in understandingbrainfuctions.

III. PHASE TRANSITIONS IN PERCOLATION
MODELS

Onafinite grid or torus,wecancomparerandomautomata
with the correspondingmeanfield model. In the meanfield
modelinsteadof takinga setof specifiedneighbors,we take
a subsetof theelementsof thegrid at random(with replace-
ment).It is clearthatthemeanfield modeldoesnotdependon
thetopologyof thegrid, andtheonly informationof relevance
to the site activity vector � 
 is given by its cardinality � � 
 � .
We define ��
 to be � ��
�� ��� where � is the sizeof the finite
grid or torus. Thus ��
���� ������ givesthe densityof pointsin
��
 .

Our real interestlies in randomcellular automataon
��!

ratherthan the meanfield models(Balisteret al, 2001). So
onequestionis how well do the meanfield modelsapproxi-
matethecorrespondingrandomautomata.Unfortunately, the
answeris ‘not very well in general’. Sincethe meanfield
modelis equivalentto thatof a fully isotropicmodel,thebest
we couldhopefor is thatit approximatesfully isotropicmod-
els.However, evenfully isotropicmodelscanexhibit behavior
thatis richerthanthatof themeanfield models.

For example,takethesymmetricfully isotropicmodelwith
��"$#&%('%() , � % #*�

! # %! '�) . Fig. 1 shows a typical stateof
this model on the +-,/.102+-,-. torus. We can show that this
maphastwo stablefixedpointsandanunstablefixedpointat
�3#4�657, . Thusthe meanfield modelwill have two phases,
oneof low densityandtheotherof high density. Therandom
automatadoesshow distinctphases,but they all havedensities
of ��5 , . Indeedthereseemtobeatleast8differentphases,none
of which are isotropic. This is an exampleof spontaneous
symmetrybreaking.

Themodelis symmetricunderinterchangeof coordinates,
but somephasesconsistof horizontallines andsomephases
consistof verticallines.Thelinesareof width two,sofor each
orientationthereis achoiceof alignmentmod4 in thevertical
or horizontaldirection,giving 8 phasesin total (Kozma,Bal-
ister, Bollobas,Freeman,2001; Balister, Bollobas,Kozma,
2001).

Foranotherexample,considerthesymmetricfully isotropic
model � " #8� % #8� ! #8� . For ��9:��5 , this is an ‘Ising’-
like model as we shall seelater. For the meanfree model
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Fig. 1. Fig. 1: Symmetricisotropicmodel. Note the presenceof
non-isotropicphases

this hasonefixed point at �3#4�657, for �;�8�=<> " � %!  , but for
�?9@<> " #*A-BC5 +-A-A-A the fixedpoint �D#E�657, is unstableand
therearetwo otherfixedpointswhicharestable.Therandom
automatabehavesqualitatively similarly, exceptthatthecriti-
cal probability is significantlylower at about� �GF ��5H�IA . For
� � 9J�K9L��5 , it appearsthat the stationarydensitydistribu-
tion of � 
 for a sufficiently largebut finite lattice is unimodal
with peakat �M#NAOBP�657, . For �Q9R��� thedistributionbecomes
bimodal,asonewouldexpectfrom themeanfield model,and
therearetwo phasesin theinfinite lattice,onewith high den-
sity and one with low density. The continuoustime model
behavessimilarly, except that the critical probability is even
lower, at about� �SF ��5H�I� .

Looking at Fig.2 it is at first sight unclearas to whether
therereally is aphasetransition,sinceevenfor �Q�D��5H�UT there
appearto beregionsof highandlow density. Wegiveaheuris-
tic reasonfor believing that thereis indeeda phasetransition
in thismodel.

IV. Conclusions

We proposea novel approachto model naturalphenom-
ena,in particular, brainprocesses.We suggestusingstatisti-
cal processesin the modelsthemselves,replacingstochastic
differentialequationsby randommodelsof elementaryinter-
actionsbetweenbasiccomponents.Thisway, wecancompute
dynamicaloscillationsin themodelledsystem.In theframe-
work of this research,we usemathematicaltools of random
graphsandpercolationtheoryto exploreinformationprocess-

Fig. 2. (a) V�WYXZ\[

ing mechanismsin brains. The randomizedactivity of myri-
adsof neuronsprovidesthebasisof formationof neuralpopu-
lationswhich, in turn, leadsto self-organizationandtheemer-
genceof goal-orientedbrainfunctions.
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